Introduction
After Introducing geometric sequence spaces in Chapter 2, here we find the generalized geometric difference sequence spaces and deduce their dual spaces. Also we discuss their properties.
Let ℓ ∞ , c and c 0 be the Banach spaces of bounded, convergent and null sequences, respectively, normed by
It is easy to prove that ω(G) = {(x k ) : x k ∈ R(G) for all k ∈ N} is a vector space over R(G) with respect to the algebraic operations ⊕ addition and ⊙ multi-
where x = (x k ), y = (y k ) ∈ ω(G) and α ∈ R(G). Then Here, G lim is the G-limit. For the convenience, we denote ℓ ∞ (G), c(G), c 0 (G), respectively as In 1981, Kizmaz [40] introduced the notion of difference sequence spaces using forward difference operator ∆ and studied the classical difference sequence spaces ℓ ∞ (∆), c(∆), c 0 (∆).
Following Türkmen and Başar [56] , Kizmaz [40] , we defined geometric sequence space in Chapter 2 as follows:
where
). Then we introduced some theorems, definitions and basic results as follows:
are Banach spaces with respect to the norm ||.||
. Also these spaces are BK-spaces.
Lemma 3.1.0.3. The following statements are equivalent:
An algebra is commutative if a ⊙ b = b ⊙ a for all a, b ∈ A. An algebra is unital if there exists a unique e ∈ A such that e ⊙ a = a ⊙ e = a for all a ∈ A. A subalgebra of the algebra A is a subspace B that is closed under multiplication, i.e. a ⊙ b ∈ A for all a, b ∈ B.
Definition 3.2.1.2 (Geometric normed algebra). A normed algebra is a normed space A ⊂ ω(G) that is also an associative algebra, such that the norm is sub-multiplicative:
A geometric algebra is a complete normed algebra, i.e., a normed algebra which is also a Banach space with respect to its norm.
It is to be noted that the submultiplicativity of the norm means that multiplication in normed algebras is jointly continuous, i.e. if a n G − → a and b n G − → b then (a n ) is bounded and
Definition 3.2.1.3 (Geometric sequence algebra). A geometric sequence space E(G) is said to be sequence algebra if
under the geometric multiplication ⊙ defined by
Since ω(G) is closed under geometric multiplication ⊙, hence, ω(G) is a sequence algebra.
Also sequence algebra ω(G) is unital as e G G = e, where e G = (e, e, e, .......) ∈ ω(G).
Definition 3.2.1.4 (Continuous dual space). If X is a normed space, a linear map f :
Let X * be the collection of all bounded linear functionals on X. If f, g ∈ X * and α ∈ R(G),
; X * is called the continuous dual space of X.
are Banach spaces with the norm
Hence we obtain
This implies
Therefore we obtain x ∈ ℓ
. Therefore these sequence spaces are Banach spaces with the same norm defined for ℓ G ∞ (∆ m G ), above. Now we give some inclusion relations between these sequence spaces.
This inclusion is strict. For let The proofs of (ii) and (iii) are similar to that of (i).
Proofs are similar to that of Lemma (3.2.1.2).
Furthermore, since the sequence spaces ℓ
n → ∞, these are also BK-spaces. . But
since m th geometric difference of e k m is constant.
Let us define the operator
Now let us define
This implies that ∆ 
In the same way, it can be shown that Dc
Dual spaces of ℓ
In this section we construct the α-dual spaces of ℓ
. Also we show that these spaces are not perfect spaces. 
Proof. Let (a) be true i.e. sup
and
This implies that sup
This completes the proof of b(i).
Therefore sup
This completes the proof of the part (ii) of (b).
Conversely let (b) be true. Then 
Proof. By putting ∆ m−1 G x k instead of x k in Lemma (3.2.2.1), results are obvious.
Proof. For i = 1 it is obvious from the Lemma (3.2.2.1). Let the result be true for i = n. i.e.
From this we obtain, sup Proof. In Lemma (3.2.2.4) putting i = 1, we get
Continuing the process we get
Proof. 
